The use of semianalytic methods for correcting flow equations to accommodate changing gas properties with pressure, has become increasingly common. It is a mainstay of modern production decline analysis as well as gas deliverability forecasting. 
Introduction

Background
Literature on the derivation and usage of pseudotime is prevalent (2) (3) . The definition that will be used in this paper is shown below. The above is used in the pseudosteadystate equation for gas, which is at the core of most modern production decline analysis methods. It is also used in analytical well / reservoir models, whose conventional formulations are only valid for slightly compressible fluids with constant properties over a given pressure range. These models enjoy widespread usage for both history matching and forecasting, and their inclusion of pseudotime for gas reservoirs is vital.
To illustrate the value of pseudotime, let us take the simple case of a vertical well in the center of a circular gas reservoir. We will assume constant rate production and pseudosteady state conditions. Thus, the model that describes the pressure response at the well can be reduced to the pseudosteadystate equation for gas (5) . The "f(t)" in equation (2) is the chosen time function. Figure 1 shows the pressure response plotted against time for two cases f(t) = time (t) and f(t) = pseudotime (ta). Also compared is the numerical solution using the same input parameters. Upon comparison of the solutions, it is clear that pseudotime has a significant impact on the flow equation for gas. We also note that the pseudotime solution appears to be identical to the numerical solution. Thus, without using pseudotime, the pseudosteadystate equation would be incorrect for gas reservoirs.
The Trouble With Transient Flow
In the conventional definition of pseudotime the compressibility and viscosity terms in equation (1) are evaluated at average reservoir pressure conditions. Clearly, the average reservoir pressure is a function only of total pore volume and cumulative produced fluids. If the well of interest is producing the reservoir under boundary dominated conditions (depletion mode), the average reservoir pressure is a very reasonable datum at which to establish bulk fluid properties. However, if the well production is still transient and no reservoir boundaries have been observed, average reservoir pressure based on total reservoir volume may be a poor datum to use. Consequently, pseudotime can cause anomalous model responses, under certain conditions. To illustrate the above, consider two gas reservoirs of very different size but having identical properties (permeability, skin etc). If we allow reservoir fluids to flow from identical vertical wells in both reservoirs, we would expect identical pressure responses in both cases, until the boundaries of the smallest reservoir have been observed. Yet, when we use the analytical models with pseudotime, we observe with a slightly greater pressure drop in the larger reservoir. This discrepancy is clearly not based on physical reality, but rather, is caused by pseudo time. The error is usually negligible. However, in cases where the pressure drawdown is severe, not only at the sandface, but over a significant areal extent in the vicinity of the well, the error can be significant.
One such case is that of a long and narrow reservoir, with the well located near one bounded end. Figure 2 illustrates the significant localized pressure drawdown that occurs in this type of configuration.
To illustrate the pseudotime issue, let us plot the pressure response at the well for two scenarios.
1. Bounded Narrow Rectangular System 2. SemiInfinite Narrow Rectangular System Both reservoirs are the same width. The bounded system has its end boundaries located beyond what we will call the "region of influence". The region of influence is defined as the region outside of which there is no measurable pressure disturbance. Therefore, we would expect the pressure responses for cases 1 and 2 to be identical. In fact, we can see from Figure 3 that they are quite different. The pressure response for scenario 2 falls significantly below that of scenario 1. This is contrary to physics.
The pressure responses ought to be identical, but because of pseudotime, there is an artificially induced difference between them. The error arises because the pseudotime for the semi infinite reservoir (case 2) is based on an average reservoir pressure that remains constant at initial conditions through time (infinite reservoirs do no deplete), while the finite case has a falling average reservoir pressure. Which one is correct? The answer is that they are both wrong. However, since scenario 1 allows for some reduction in the pressure at which the bulk properties are evaluated, its pressure response will be closer to the correct answer.
Additional Sources of Error
It is worth noting that there is a secondary source of error in the pseudotime procedure that has nothing to do with transient or boundary dominated flow. Rather, the error results from the assumption that bulk properties evaluated at a single average pressure can adequately represent the range of fluid properties observed throughout the reservoir.
This error, usually negligible, can be significant if there are large pressure gradients. Such would be the case when the well produces at very high drawdown from a very low permeability reservoir. The error would be present during both transient and boundary dominated flow. The solution suggested below does not address this error.
Solution Method
The proposed solution involves altering the definition of conventional pseudotime, such that the gas properties are evaluated at the average pressure of the region of influence, rather than the average pressure of the total pore volume. Evaluating this pressure mathematically would involve first defining the region of influence and then integrating the pressure response over the domain and dividing by the area of the region (assuming no pressure variation in the vertical direction). Once in boundary dominated flow, the average reservoir pressure is established using precisely this method, but with the area in equation (3) being defined as the total reservoir area.
Establishing the Region of Influence
Determining the region of influence is not a trivial matter. There are (at least) two reasonable methods for establishing an affected reservoir area. One would be to calculate the pressure distribution through the entire reservoir area and delineate the region, outside of which, there is less than some minimum percentage of pressure drops (say 1%). This procedure, although analytically sound, would be very costly computationally, as a large array of solved pressures would be required at every timestep in the computation of pseudotime. In addition, some established analytical solutions for pressure at the wellbore (such as that of a bounded reservoir containing an infinite conductivity fracture) do not include the pressure solution for all points inside the reservoir domain.
A more practical method for establishing a region of influence is to use the well established concept of the radius of investigation. The radius of investigation is defined as follows (1) . c kt rinv
The radius of investigation is an accepted measure of the speed of propagation of the pressure transient through diffusive media, and is a function only of permeability, porosity, fluid properties and time. Thus, the radius of investigation propagates through any unbounded diffusive media at precisely the same velocity, regardless of reservoir geometry or changes in pressure drawdown.
Appendix A presents two synthetic model responses, clearly demonstrating that this is true for an arbitrary reservoir shape and well location.
It is important to note that the radius of investigation does not account for the magnitude of pressure depletion over time, only the propagation of the leading edge of the region of influence.
Given the above, delineation of the region of influence in an isotropic reservoir, containing a single vertical well, involves evaluating the intersection of the outward progressing circle prescribed by the radius of investigation, with the reservoir area itself.
where A is the area of the reservoir (defined by the model).
The formula given in (7) applies to any arbitrary reservoir shape and well location, but is restricted to vertical well geometry and isotropic and homogeneous reservoirs.
More advanced well / reservoir geometries such as fractured wells, anisotropic media, heterogeneities and/or layers would follow much the same procedure. However, the definition of the velocity of transient propagation would have to be defined separately for all directions and possibly as a function of space. The additional solution complexity and computational expense would likely preclude the practical application of a pseudotime correction in such cases, in favor of using a numerical model (which explicitly evaluates fluid properties at each grid block).
In order for analytical models to remain favorable, they must be convenient and efficient to solve.
Case Studies
Synthetic Example 1: Vertical Well in a Rectangular Reservoir
The corrected pseudotime solution for a vertical well arbitrarily located in a rectangular shaped reservoir of arbitrary dimensions is constructed as follows.
Area of the Region of Influence
The area of the region of influence is defined as 2 inv r r A p = in an unbounded system. As the region of investigation expands beyond system boundaries, area elements are subtracted from the infinite acting "circle". Thus, the solution for A r changes with time, and is different for different well / reservoir geometries.
To simplify the geometry of the solution significantly, we can approximate the region of influence as a rectangle (rather than a circle with subtracted segments), with negligible impact on the result. The solution for area is divided into four different geometries, any combination of which may be part of a prescribed Ar (t) function for a given pseudotime calculation (Figure 4 ).
For example, well / reservoir geometry such as that shown in Figure 4 (C) would have a region of investigation whose area would follow the formulas, in succession, for the single boundary, perpendicular boundaries and three boundaries solutions. 4 From Figure 4 , it appears that the description of time dependent areas of influence is somewhat cumbersome, as it requires adjustments on the fly that depend on the particular geometry of the model. Since the pseudotime correction is negligible in all but the most "severe" well / reservoir geometries, we may further approximate the area of the region of influence by identifying the dominant geometry factor (single boundary, perpendicular boundaries, three boundaries or parallel boundaries) and applying the appropriate area formula.
For instance, if d1, d2 and d3 are all of similar magnitude in the three boundary case, we may apply that area formula from time zero until the radius of investigation reaches the farfield boundary. Likewise, if d1 and d2 are much closer than d3, and d3 and the farfield boundary are on the same order of magnitude, then we may apply the area formula for the perpendicular boundaries case from time zero.
Average Pressure in the Area of Influence and Corrected Pseudotime
The solution for the area developed above is used in conjunction with equations (4) and (5), describing respectively, average pressure (p/z) within the region of influence and gasin place within the region of influence. The corrected pseudotime is calculated using the following equation. In Figure 5 , the "pseudotime corrected" solution for the semi infinite reservoir case presented previously is compared against the numerical solution, showing reasonably good agreement (the remaining error cannot be reduced within the confines of the pseudo time approximation. Note, since the three boundary case causes the most severe localized pressure drawdown of any rectangular geometry investigated, the approximations are expected to hold up as well (or better) for any general rectangular reservoir / vertical well geometry.
Field Example 2: Fractured well in a Rectangular Reservoir
In this field study, an analytical reservoir model has been used to simulate the measured pressure response from a hydraulically fractured well. The production response, analyzed using the Agarwal and Gardener type curves, suggests a bounded system with OGIP of about 1 bcf (see Figure 6 ). The objective of the modeling exercise is to verify the interpreted gasinplace, and improve upon the type curve model by finetuning.
A satisfactory history match is obtained using a narrow, rectangular reservoir with the well located near a corner (see Figure 7) . The simulated OGIP is more than four times higher than that interpreted using the type curve analysis. As the far field boundary is moved closer to the well (and thus, OGIP is reduced) the simulated flowing pressures increase! Common sense tells us that the pressure response ought to decrease upon reduction in total reservoir volume in a bounded, depleting system. The anomalous synthesized pressure from the model is a result of the pseudotime error discussed previously. Figure 7 compares the results from three different boundary locations in the model. It also displays the measured data, illustrating the original history match. Because of the pseudotime error, the model does not properly (or uniquely) indicate the OGIP or bounded nature of the reservoir.
Corrected Pseudotime Model
The area formulas discussed in the previous section can be extended to hydraulically fractured wells. In this example, the "three boundary" case is relevant. For the three boundary system, the modified area formula and geometry is shown in Figure 4 (E).
Upon correcting the pressure response using the new definition of pseudotime, the previous model match is no longer valid, indicating too large an OGIP (see Figure 8) . As the farfield boundary is reduced, the pressure response (properly) remains unchanged until its location coincides with the radius of investigation. At that point, the synthetic pressures decrease.
This case illustrates the value of the corrected pseudotime function when history matching using analytical models with extreme well / boundary geometry. The conventional definition of pseudotime, in this case generated history matches that did not properly illustrate the boundary dominated response observed from the type curve analysis. In addition, the directionality of the results did not make sense. Only with the corrected pseudotime, was the proper synthetic pressure response created.
To complete the exercise, the history match is now refined, using the corrected pseudotime model. The results indicate an OGIP of about 1 bcf (see Figure 9 ).
Conclusions
1.
Without pseudotime (or similar gas property correction routines), the analysis and modeling of gas reservoirs would not be possible when using analytical solutions designed for slightly compressible fluids.
2.
The conventional definition of pseudotime is satisfactory under conditions of boundary dominated flow.
3.
During transient / transitional flow, the standard definition of pseudotime may cause incorrect and misleading results, when there are localized regions of high pressure drawdown. These localized regions are caused primarily by severe well / reservoir geometry (such as a narrow reservoir with the well located near a corner). Additional errors may result from large pressure gradients in very low permeability systems. 4.
A new "corrected" pseudotime function is presented that evaluates gas properties at the average pressure of the region of influence, during transient or transitional flow, rather than the average reservoir pressure (based on external no flow boundaries). A general formula (equation (7)) is given that describes the region of influence for an arbitrarily located well in a reservoir with an arbitrary shape. Specific solutions are also derived for some simple (common) well / reservoir geometries. Appendices Appendix A:
The purpose of the following is to illustrate that the propagation of the radius of investigation along any unobstructed direction is not affected by the influence of boundaries in other directions.
The radius of investigation is defined as c kt rinv
As shown, the radius of investigation is a function of the permeability, time, porosity, and the fluid properties.
Let us consider two reservoirs with identical properties but of different size and shape. Reservoir A is square shaped with the well in the center, while Reservoir B is long and narrow. Reservoir B has a much smaller total volume than Reservoir A. However, the distance from the well to the "x" boundary is the same in both reservoirs. A schematic is shown in Figure 10 . For simplicity we will assume that both reservoirs produce single phase oil. The time to reach the outer boundary X of both reservoirs is calculated by applying equation A1. A time of 1715 hours is calculated when the radius of investigation is 5000 ft (distance to the boundary from a well positioned in the centre of each reservoir).
The diagnostic plots in Figure 10 illustrate that the propagation of the radius of investigation is identical for A and B. This becomes clear when comparing the derivative plots for each case. The influence of the final (Xe) boundary, and subsequent onset of pseudosteadystate (unit slope), begins at exactly the same time. Furthermore, the time, as shown in Figure 10 is the same as that calculated using equation A1. Thus, we confirm that the radius of investigation along a particular direction is unaffected by the influence of boundaries in other directions. 
